Abstract-A new systematic diagonal space-time block code (cyclotomic space-time code) design is proposed by using high dimensional cyclotomic lattices and some algebraic number theory. This design can be applied to any number of transmit antennas and for a fixed number of transmit antennas, there are infinitely many cyclotomic space-time codes. It is shown that all the cyclotomic space-time codes from the design have full diversity. Furthermore, optimal cyclotomic space-time codes from the design for different numbers of transmit antennas are obtained, where the optimality is in the sense that, for a fixed mean transmission signal power, its diversity product is maximized, or for a fixed diversity product, its mean transmission signal power is minimized. Although there are some cyclotomic space-time codes existed in the literature, most of them are not optimal.
I. INTRODUCTION
Diagonal space-time block codes using algebraic number theory first proposed in [3] were motivated from the designs of full diversity multi-dimensional signal constellations for resisting both Rayleigh fading and Gaussian additive noises proposed in [1] . These codes are built upon lattices [y 1 , · · · , yL t ]
T = G[x1, · · · , xL t ]
T , where Lt is the number of transmit antennas, T stands for the transpose, x i represent complex-valued information symbols and G is a generating matrix and yi are placed as diagonal elements in a diagonal space-time code. To resist both fading and additive noise, both good diversity product and good Euclidean distance of the codewords [y1, · · · , yL t ]
T are required, and G is a unitary matrix in [1] . To resist fading as commonly used in space-time coding, good diversity product is usually imposed, and some algebraic construction of G over Z[ζ4] = Z [j] with j = √ −1 (the entries of G are integrals over Z[ζ4] ) is proposed in [2] for information symbols xi in Z[ζ4], i.e., QAM on the square lattice, such as QPSK and square 16-QAM. The unitariness of the generating matrix G in [1] is used to maintain the Euclidean distance and the mean power of the transmission signals the same as that of the information symbols. The case when generating matrix G is real and takes the forms of Hadamard transform is studied in [2] , [3] . In [5] , a different space-time code design of full diversity is proposed by also using cyclotomic field extensions without much analysis of the diversity product property and it is essentially equivalent to a kind of diagonal space-time code designs.
There are three issues that may affect the code performance in the above lattice based diagonal space-time code design, namely, (i) where the information symbols x i belong to; (ii) where the elements of the generating matrix G belong to; and (iii) whether the generating matrix G is unitary. In this paper, we focus on the criterion of maximizing the diversity product and consider these three issues together in a general way: information symbols xi may not necessarily be in Z[ζ4] , elements of generating matrix G may not necessarily be integrals of Z[ζ4] , and generating matrix G may not necessarily be unitary. Information symbols xi and elements of generating matrix G are from general cyclotomic field extensions. We call such diagonal space-time block codes cyclotomic space-time codes. We propose a systematic construction of cyclotomic space-time codes of full diversity for a general number of transmit antennas and for a fixed number of transmit antennas, there are infinitely many cyclotomic space-time codes/lattices. Furthermore, we obtain and list the optimal ones among these cyclotomic spacetime codes, where the optimality is in the sense that, for a fixed diversity product, its mean transmission signal power is minimized. It turns out that most of the optimal cyclotomic space-time codes can not be obtained by using information symbols xi in Z[ζ4], or by using generating matrix G with elements being integrals over Z[ζ4] , or by using using unitary generating matrices G. With our newly proposed optimal cyclotomic space-time codes, we present some new design examples of optimal cyclotomic space-time codes that have the best known diversity products of diagonal space-time codes.
II. COMPLEX LATTICES AND PROBLEM DESCRIPTION As mentioned in Introduction, we are interested in diagonal space-time block codes formed as follows. Let L t be the number of transmit antennas,
The diagonal space-time code Ω consists of L t ×L t matrices of the form diag(y 1 , · · · , y Lt ). We are interested in such a diagonal space-time code Ω that (i) it has the full rank property, i.e., any difference matrix of any two distinct matrices in Ω has full rank; and (ii) its following diversity product is as large as possible:
where the transmission signal mean power of yi is fixed. The main goal of this paper is to properly determine an information signal constellation of xi and a generating matrix G for a diagonal space-time code Ω with the above properties. To do so, we first introduce some concepts and properties on real and complex lattices, and then formulate the problems we are interested, and finally present some properties of complex lattices that are used in the later sections for cyclotomic space-time code designs.
A. Real and Complex Lattices
An n-dimensional real lattice Λn(K) is a subset in R n :
where Z is the ring of all integers and K is an n×n real matrix of full rank and called the generating matrix of the real lattice Λn(K) and det(Λn(K))
and therefore can be thought of as a complex number x = x1 + jx2 in the complex plane C. In this paper, we do not distinguish a two dimensional real point [x1, x2] T ∈ R 2 and a complex number or point x = x1 + jx2 ∈ C otherwise it is specified. To distinguish it from general two dimensional real lattices, for ζm = exp(j 2π m ) we use Λ ζm to denote the two dimensional real lattice with the generating matrix
Thus, Λ ζm = Λ2(K ζm ). This two dimensional real lattice is the base for signal constellations of cyclotomic space-time codes studied later.
Definition 1: An n-dimensional complex lattice Γn(G) over a two dimensional real lattice Λ2(K) is a subset of C n :
where G is an n × n complex matrix of full rank and called the generating matrix of the complex lattice Γn(G). The above complex lattice is called a full diversity lattice if it satisfies
B. Problems of Interest
We can see that, to form a space-time code as stated in the beginning of this section, we select a set of points in a complex lattice. From the definition of complex lattices, a complex lattice Γn(G) over Λ2(K) is determined by a generating matrix G and a base 2 dimensional real lattice Λ2(K). In [1] , the space-time codes are obtained by complex lattices, but only a few special cases of the forms of generating matrices G and the 2 dimensional lattices Λ2(K) or their generating 2 × 2 real matrices K, such as mostly K = Λ ζ 4 have been studied. The question we are interested here is whether we can generalize the forms of generating matrices G and K to achieve (i) full diversity space-time codes (ii) the optimal diversity products in the family. In the later subsections, we propose a method to form space-time codes from complex lattices with generating matrices G and K over general cyclotomic field extensions.
C. Some Useful Properties of Real and Complex Lattices
Let us first see a relationship between an n dimensional complex lattice and a 2n dimensional real lattice. Let G be an n × n complex matrix,G = (g i,l ) with |det (G)| > 0, and {x1, x2, ..., xn} be n points on a two dimensional real lattice Λ2(K) with generating matrix K. Let
Then, [y1, ..
., yn]
T is a point on the n dimensional complex lattice Γn(G) over Λ2(K). We now rewrite yi with its real part yR i and imaginary part yI i , as yi = yR i +jyI i , and entries (5) can be rewritten as
and G is a 2n × 2n real matrix, which is from the real and imaginary parts of G as follows
Let GK
We say GK generate a 2n dimensional real lattice. Following the definition of real lattice, in order to show that GK is a real generating matrix of an 2n dimensional real lattice, we only need to show it has full rank, i.e., |det (GK )| > 0. Since K is the real generating matrix of 2 dimensional real lattice
Thus, we only need to show that | det(G)| > 0, which is given by the following proposition, see [16] for the proof.
Proposition 1: Let G be an n × n complex matrix and G be the 2n × 2n real matrix defined in (7) . Then,
Proposition 1 tells us that an n dimensional complex lattice Γn(G) over Λ2(K) can be equivalently represented as a 2n dimensional real lattice Λ2n(GK ). Furthermore, the determinants of their generating matrices have the following relationship:
n , which is used later to determine the compactness of a complex lattice for a fixed diversity product.
III. CYCLOTOMIC LATTICES AND DIAGONAL
CYCLOTOMIC SPACE-TIME CODES In this section, we propose systematic cyclotomic lattices and systematic cyclotomic space-time codes (infinitely many) that have full diversity for any number of transmit antennas. We leave the optimality study from the infinitely many cyclotomic space-time lattices/codes proposed in this section for a fixed number of transmit antennas to Section IV.
For two positive integers n and m, let N = mn and
where φ(N ) and φ(m) are the Euler numbers 1 of N and m, respectively, and Lt corresponds to the number of transmit antennas in a space-time code. Then, there are total Lt distinct integers ni, 1 ≤ i ≤ Lt, with 0 = n1 < n2 < · · · < nL t ≤ n − 1 such that 1 + nim and N are co-prime for any 1 ≤ i ≤ Lt (see for example pg. 75 of [13] ). With these Lt integers, we define
where ζN = exp(j 2π N ). It is not hard to see that matrix Gm,n has full rank since it is a Vandermonde matrix and ζ
This means that matrix Gm,n is eligible to be a generating matrix of a complex lattice as we defined in Section II. We now define cyclotomic lattices.
Definition 2: An Lt dimensional complex lattice ΓL t (Gm,n) over Λ ζm is called a cyclotomic lattice, where Gm,n is defined in (9) and Λ ζm is the two dimensional real lattice with the generating matrix K ζm defined in (3). Its minimum product dmin(ΓL t (Gm,n)) is defined by
From this definition, a lattice point (or vector)
T on a cyclotomic lattice can be generated by
where
An remark we want to make here is that the entries of the generating matrix Gm,n in (9) are all integrals over Z[ζm], i.e., roots of monic polynomials with coefficients in Z[ζm]. It is not hard to get the following result, see [16] for the proof. 
T ∈ S ⊂ (Z[ζm])
L t , and S is a signal constellation for information symbols.
Before we show that a cyclotomic code has full diversity, we need some results on algebraic number theory, see for example [12] - [14] , the motivation for us to define the above cyclotomic lattices and codes. From the algebraic number theory, it is known that field Q(ζN ) is an extension of field Q(ζm) and field Q(ζm) is also an extension of field Q of all rational numbers: Q ⊂ Q(ζm) ⊂ Q(ζN ). An automorphism σ of field Q(ζN ) that fixes subfield Q(ζm) is a one-to-one and onto mapping from Q(ζN ) to itself such that
and σ(a) = a for any a ∈ Q(ζ m ). To get our optimal cyclotomic space-time code in section IV, the following Theoreom is requried, see [16] for the proof.
Theorem 2: All the Lt automorphisms of field Q(ζN ), σi,
where Lt is given in equation (8), and ni, 1 ≤ i ≤ Lt, are the integers that satisfy 0 = n1 < n2 < · · · < nL t ≤ n − 1 and 1 + nim and N are coprime for all
One can see that the integers appeared in the representations of automorphisms in Theorem 2 are precisely the ones used in the construction of the above cyclotomic lattices and codes. From the representations of the automorphisms σ i in (12) , the element at the ith row and the lth column in the generating matrix Gm,n in (9) of the cyclotomic lattices can be represented as σi(ζ l N ). Thus, the generating matrix Gm,n in (9) can be rewritten as
, where σi, 1 ≤ i ≤ Lt, are all of the distinct automorphisms of Q(ζN ) that fix Q(ζm). These representations are used to prove the following result on the full diversity property of the cyclotomic space-time codes. From Theorem 2, it is not hard to prove the following theorem, see [16] for the proof.
Theorem 3: A diagonal cyclotomic space-time code has full diversity.
When m = 4, a cyclotomic lattice ΓL t (G4,n) over Λ ζ 4 is called a Gaussian cyclotomic lattice, after the name of Gaussian integers Z[j] = Z[ζ4]. When m = 3 or m = 6, a cyclotomic lattice ΓL t (Gm,n) over Λ ζm is called an Eisenstein cyclotomic lattice, after the name of Eisenstein integers
For Gaussian cyclotomic lattices and Eisenstein cyclotomic lattices, we have the following proposition, for its proof see [1] , [12] .
Proposition 2: The minimum products of Gaussian cyclotomic lattices and Eisenstein cyclotomic lattices are no less than 1.
Although in a cyclotomic space-time code the information signal constellation S can be any subset of the product space T are on the cyclotomic lattice ΓL t (Gm,n) over Λ ζm as defined in Definition 2. Notice that
From the definition of a cyclotomic space-time code in Definition 2, one can see that, for a fixed Lt in (8) , there are infinite options of integer m and thus infinite options of cyclotomic number ring Z[ζm] or lattices Λ ζm and also infinite many options of the generating matrix Gm,n in (9). Then, a natural question arises: which one is optimal? The optimality here is in the sense that, for a fixed diversity product, the signal mean power of yi is minimized among all different integers m. In Sections IV, will discuss the optimality.
IV. OPTIMAL CYCLOTOMIC LATTICES

A. Criterion for Cyclotomic Lattice and Code Designs
As described in Section III, for a fixed Lt there are infinitely many cyclotomic lattices/codes ΓL t (Gm,n) over Λ ζm of full diversity for various m and n. In order to study which of them is better, we want to compare their mean signal power when their diversity products or minimum products are the same. From the discussions in Section II.C, any n dimensional complex lattice can be converted to a 2n dimensional real lattice and their corresponding signal powers are exactly the same. The real lattice packing density theory [15] can be used to study the signal mean power. And the density of real lattice is determined by the determinant of its generating matrix [15] [16] . For a cyclotomic lattice ΓL t (Gm,n) over Λm with minimum product dmin(ΓL t (Gm,n)), we define a ratio γm,n as follows,
We say
B. Optimal Cyclotomic Lattices
For a fixed Lt = φ(mn)/φ(m), from Theorem 2 we know that there exist infinitely many cyclotomic lattices for infinitely many integers m and n that have full diversity. The following theorem presents the optimal cyclotomic lattices for various numbers Lt of transmit antennas among these infinitely many cyclotomic lattices. From the study of the above optimal cyclotomic lattices, one can see that optimal ones can not be achieved from Z[j], i.e., m = 4 or QAM on the square lattice, unless Lt = 2, 8, 16, 32, but achieved from Λ ζ 3 = Λ ζ 6 , i.e., m = 3, 6 or QAM on the equilateral triangular lattice. Also, it is not hard to see that most generating matrices Gm,n in the optimal cyclotomic lattices are not unitary.
V. SIMULATION RESULTS
In this section, we present some simulation results for 4 transmit and 2 receive antennas. The channel is assumed quasi-static Rayleigh fading. Two kinds of diagonal cyclotomic space-time codes are compared: the non-optimal one but the best in the existing literature [1] [2] , i.e., G4, and the optimal one, i.e., G6,5 found in Section IV.B. Three different bit rates R, R = 2, 3, and 4 are simulated and the simulation results are shown in Fig. 1, Fig. 2, and Fig. 3 , respectively, where "-QAM" and "-Joint" correspond to the two different diagonal cyclotomic space-time code design methods with dependently choosing x i or jointly choosing xi in [16] after cyclotomic lattices are fixed. In these figures, the DAST codes in [3] are also compared. One can clearly see the improvement of the optimal cyclotomic code over the nonoptimal ones in the literature.
VI. CONCLUSIONS
In this paper, a systematic diagonal space-time block code called cyclotomic space-time code design has been proposed. The family of cyclotomic space-time codes includes infinitely many members for any fixed number of transmit antennas and all of them have full diversity. The family is obtained by generalizing the existing designs based on the square lattice Z[j] to a general lattice, such as the triangular lattice Z[ζ6] etc. Furthermore, optimal cyclotomic lattices have been presented by minimizing the signal mean power for a fixed minimum product, which is achieved by connecting the generating matrices of cyclotomic lattices with the signal mean power. It is found that the square lattice Z[j] based designs are not optimal in most cases. Diagonal codes have applications not only as space-time codes themselves but also in quasi-orthogonal space-time code designs as recently observed in [11] , where it is shown that, for a fixed quasi-orthogonal design, the diversity product of a quasiorthogonal space-time code equivalently depends on the diversity product of a diagonal space-time code.
